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LORENZ ATTRACTORS AND THE MODULAR SURFACE
CHRISTIAN BONATTI AND TALI PINSKY
Abstract. We define an extension of the geometric Lorenz model, defined on the
three sphere. This geometric model has an invariant one dimensional trefoil knot, a
union of invariant manifolds of the singularities. It is similar to the invariant trefoil
knot arising in the classical Lorenz flow near the classical parameters. We prove that
this geometric model is topologically equivalent to the geodesic flow on the modular
surface, once compactifying the latter.
1. Introduction
The initial motivation for this paper is the numerical discovery [12] of an invariant
trefoil knot for the classical Lorenz equations. The equations have certain parameter
values called T-parameters, at which there are two heteroclinic orbits connecting the
three singular points in the equations. The heteroclinic connections can be extended
into an invariant trefoil knot passing through infinity, shown in Figure 1. Naturally,
these parameters do not constitute an open set, and at such a parameter there can be
no partial hyperbolicity to the attractor.
Figure 1. The invariant trefoil for the Lorenz system at the T-point
(ρ ≈ 30.87, σ ≈ 10.17, β ≈ 8
3
), together with some regular orbits.
We consider the T-parameters in hope to be able to explain in a new way the
connection between the Lorenz equations and the geodesic flow on the modular surface
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found by Ghys [5]: the isotopy classes of periodic orbits of these flows coincide. The
modular geodesic flow is naturally defined on the complement of a trefoil knot in S3.
Thus, at the T-parameters, one may aspire to prove that the flows themselves can be
compared extending the connection between the periodic orbits.
The modular surface is non-compact, its geodesic flow is defined on the non compact
(i.e. cusped) complement of the trefoil knot, and hence it is a structurally unstable
dynamical system. A way of fixing this problem is by changing the metric, changing the
cuspidal end into a funnel and the surface into a infinite volume surface (still of constant
curvature -1). The recurrent part of the dynamics now remains in a compact part of
the trefoil complement, and a compactification of the trefoil complement containing the
recurrent dynamics can be considered. Note that as the resulting system is structurally
stable, the above can be done in a canonical way, independent of the change of metric,
yielding a flow ϕ¯mod on the compact complement of the trefoil knot.
The dynamics of the geodesic flow have a section with a first return map F called
the fake horseshoe, that is shown in Figure 2 (see Section 3). This map has a natu-
ral Markov partition consisting of two rectangles, and invariant foliations depicted as
vertical and horizontal in the figure.
R
T (R)
Figure 2. The fake horseshoe is given by a map from a rectangle R to
itself, preserving the stable (horizontal) and unstable (vertical) foliations
with their orientations, so that the image of each unstable leaf is a union
of two unstable leaves.
Definition 1.1. Given a hyperbolic basic set K of a flow X on a 3-manifold M , a
plug for K is a three manifold N with boundary, endowed with a hyperbolic flow
Y transverse to the boundary, such that a neighborhood of K with the flow X is
topologically (orbitally) equivalent by a homeomorphism to a neighborhood of the
maximal invariant set of Y in N .
A model for K is a plug (N, Y ) for K so that the total genus of the boundary of N
(i.e. the sum of the genus of all boundary components) is minimal.
A main tool in this paper is the following theorem proven in [4],
Theorem (Beguin-Bonatti). Given a hyperbolic basic set K of a flow X on a 3-
manifold M there exists a unique model (N, Y ) for K, up to topological equivalence.
Our first theorem provides a way to complete the geodesic flow on the modular
surface to a flow on the sphere S3, relating it to the canonical minimal model for the
suspension of the fake horseshoe map, which we denote by ψF .
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Theorem 1.1. The flow ϕmod on the complement of the trefoil knot can be extended
onto S3 as a structurally stable flow (satisfying Axiom A+strong transversality). Fur-
thermore, the model flow ψF for the fake horseshoe is obtained from the resulting flow
by removing a small neighborhood of a sink and a small neighborhood of a source.
As a consequence, we can prove:
Corollary 1.2. The underlying manifold of the model ψF for the fake horseshoe is
S2 × I.
The Lorenz equations on the complement of the trefoil knot seem to be related to
the fake horseshoe map F as well. When one attempts to establish an equivalence of
the geodesic flow with the Lorenz equations at points in which the trefoil exists, one
encounters the following issue. At the T-parameters for the original Lorenz equations
at which there is (conjecturally, according to the numerical simulations), a trefoil that
is a cycle between a saddle of s-index 2 (the dimension of the stable manifold) 2 and
two saddles of s-index 1 with complex unstable eigenvalue. At such parameters the
dynamics is unstable with no hyperbolic or partially hyperbolic structure.
It is therefore exceedingly possible that any perturbation will create wild dynamics
(possessing infinitely many attractors or repellers). We present here an approach to
turn this flow into a stable one. We suggest that one may separate the singular points
from the rest of the non-wandering set by performing a Hopf bifurcation on the two
s-index 1 saddles. Indeed, numerically, such a Hopf bifurcation occurs in the Lorenz
family, and can be found at parameters where the trefoil knot connection co-exists
with the bifurcation. Thus, our modification to the flow may well lie within the family
of flows given by the classical Lorenz equations, for example at the parameter values
(σ = 10, ρ = 20, β = 8
3
), see [3]. However, we do not have much control of the dynamics
at these parameters. In particular (if they exist), they lie outside the region shown by
Tucker to be equivalent to the geometric model and therefore to be partially hyperbolic.
Thus, instead, we are led to construct a new extension to the geometric Lorenz
models, realizing the trefoil connection but at the same time retaining their partial
hyperbolicity. This allows us to perform the Hopf bifurcation as above and arrive at
an Axiom A system.
An analysis of the first return map to a section for the hyperbolic basic set shows it
is again the fake horseshoe F . As the model ψF for F is unique, this allows to establish
the equivalence between the submanifolds in each of the systems that contain the fake
horseshoe. The rest of the dynamics is trivial, allowing us to extend the equivalence
to the entire systems.
In Section 2 we construct the extension of the geometric Lorenz models, designed
to model the behaviour of the equations at T-parameters. This new model is defined
on the three sphere S3 and depends on one parameter s > 0. Similar to the Lorenz
equations it has four singular points, one of which is a repeller at infinity. For every s,
the model Xs possesses a heteroclinic knot, a simple closed curve composed of a union
of one dimensional invariant manifolds for the fixed points, which is a trefoil knot,
passing through all four singular points.
Our main result is the following:
Theorem 1.3. The family Xr of flows on the sphere S
3 satisfies the following condi-
tions:
4 CHRISTIAN BONATTI AND TALI PINSKY
(1) For every r < 0 the flow Xr is singular Axiom A (i.e. the basic sets are either
hyperbolic or singular hyperbolic). The chain recurrent set is the union of two
sinks, one source and one Lorenz attractor.
(2) For each r > 0, Xr is topologically equivalent to a completion of the geodesic
flow ϕmod to S
3.
A more precise statement, and the proof of this theorem is given by Theorem 2.1
and Corollary 3.3.
A natural question is whether it is possible to establish an orbit equivalence between
the Lorenz flow, at a T-point where we have a trefoil connection similarly to our geo-
metric model, and the geodesic flow on the modular surface. As the Lorenz equations
cannot currently be shown to be Axiom A on the trefoil complement, this is beyond
the scope of the current paper.
Acknowledgments. This paper originated in discussions during the “International
Conference on Dynamical Systems” in Buzios in July 2016. We warmly thank the
organizers of the conference.
2. The geometric model
In this section we describe the main object of this paper, a geometric Lorenz model
that is a natural extension of the classical models described below, that is defined on
the entire three sphere.
The geometric models for the Lorenz equation were introduced in [6] and [1] (see
also [2] and [10]). These models are two parameter families of flows inside a three
dimensional region U resembling a butterfly shape, as in Figure 3. The flows have
one singularity σ of saddle type, equivalent to the Lorenz singularity at the origin.
I.e., the linearization of any such flow has three eigenvalues at the origin, satisfying
λ3 < λ2 < 0 < (λ1 + λ2) < λ1. The flows all have a rectangular cross section R,
for which the first return map, who’s image is the two shaded triangles in the figure.
The two parameters determine the location of the tips of the triangles (equivalently,
determine the kneading sequence for the unstable manifold of the origin), and the
length of the triangles (the amount by which the x direction is stretched). The first
return map is discontinuous along a line (the intersection of the stable manifold of the
origin with R), but is piecewise C2 and can be proven to be partially hyperbolic. The
geometric models posses a Lorenz attractor mimicking the one for the original equations
around the classical parameters. The Lorenz equations motivated also extensions of
the classical geometric models [8], modeling the behaviour of the equations where the
return map is more complicated.
The region U on which the classical geometric flows are defined has two regions
in its boundary that are homeomorphic to two annuli (the boundaries on the inside
of the two butterfly wings). Along these annuli, the flow is transverse to ∂U and
directed into U . Thus, one can complete the dynamics into a flow on a three ball B3
by adding two s-index 1 saddle points p− and p+, one in each wing centre, together
with neighbourhoods N(p−) and N(p+) around them, so that the stable manifold for
p± does not intersect U , and the boundary of each neighbourhood is glued to one of
the annuli in ∂U . We add p− on the left in Figure 3, and p+ on the right. The result is
a smooth flow on the ball B3, flowing outwards from N(p±) and into U through their
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Figure 3. The geometric Lorenz model. We may choose coordinates so
that the singularity σ is at the origin, the Poincare section R has a fixed
z coordinate with some zR > 0, and the stable folliation of R (induced
by the dominated splitting) is parallel to the y axis (the leaves have fixed
x coordinate).
joint boundaries. We put the singularities p± to have the same z value (“height”) as
the rectangle R.
Next, perform a Hopf bifurcation on the saddles p− and p+ within their neighbour-
hoods N(p−) and N(p+), without modifying the Lorenz attractor. The effect of such
a bifurcation is to transform the saddles p± into sinks ω± and adding to each of a
hyperbolic periodic orbit γ± encircling it.
The resulting flow in B3 can then be completed to a flow on S3: First add a tubular
neighbourhood with a flow of the origin and its unstable manifolds, so that the flow
enters the neighbourhood. Any flowline continues adjacent to the unstable manifold of
the origin, until it enters B3 through R.
Next, glue the flow to a 3-dimensional ball which is a neighborhood of a source (“at
infinity”), obtaining a flow on S3.
We next construct a family of flows that continuously passes between the completed
geometric model above and a system that possesses a trefoil connection, so that the
dominated splitting holds for any given flow from the family.
Theorem 2.1. There exists a one parameter family of flows {Xr}r∈[−1,1], satisfying
the following conditions:
• For any r < 0, Xr has a chain recurrent set consisting of one Lorenz attrac-
tor, one source, two sinks and two periodic saddles (therefore, it is a singular
hyperbolic system)
• The flow X0 has four chain recurrent classes: one source, two sinks and one
singular hyperbolic class containing the periodic saddles γ−0 and γ
+
0 , and the
singularity σ0 of Lorenz type.
The invariant manifolds for σ0 and γ
−
0 ,γ
+
0 satisfy:
W u(γ±0 ) t W s(σ0) ; W u+(σ0) ⊂ W s(γ+0 ),W u−(σ0) ⊂ W s(γ−0 ),
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where W u±(σ0) are the two components of W
u(σ0) \ σ0.
• For r > 0, Xr has five chain recurrence classes: one hyperbolic basic set which
is a suspension of the fake horseshoe whose corner orbits are γ−r , γ
+
r , one source
αr, two sinks ω
−
r , ω
+
r , and one saddle σr, such that:
W u+(σr) ⊂ W s(ω+r ), W u−(σr) ⊂ W s(ω−r )
Furthermore, there exists a C1 embedded simple closed curve, invariant under
Xr, isotopic to a trefoil knot, consisting of αr, ω
−
r , ω
+
r , W
u(σr) and c+ ∪ c−
where c± is an arc connecting αr to ω±r .
Proof. Fix a flow X−1 to be the completion of the classical geometric model as above,
starting with a geometric model with any parameters so that the tip of one triangle has
the same y coordinate as the base of the other triangle, and the model is symmetric
with respect to half a rotation about the z axis. Perform the Hopf bifurcation to the
extent that the periodic saddles γ± are contained in ∂U ∩ ∂N(p±).
Define the flow Xs to be the one resulting from X−1 by pulling the triangle tips and
bases along the x direction, while otherwise keeping the structure of the flow and first
return map. In particular, keep the tips and triangles on the same y and z coordinates.
For z < 0, the tips and bases are contained in R, getting closer to the boundary as
s increases. For z = 0 let the tips and bases intersect ∂R. For z > 0, push the tips
continuously further into the neighbourhoods N(p−) and N(p+), leaving the bases on
∂R.
For r < 0: The theorem follows immediately, as the flow is a completion as above for
the classical geometric model for some parameters.
For r = 0: In the deformation, we do not alter the fact that the triangles which are the
images of the two sub-rectangles in R intersect near their bases the two sides of ∂R
which are part of the stable foliation. Thus, the corner orbits γ±, which are the unique
periodic orbits on these stable leaves, are contained in these two images and are part
of the singular hyperbolic chain recurrent class.
The tips of the triangles, that are part of W u(σ0) are on the stable edges of R as
well. It follows that these edges are part of the stable manifolds of the periodic saddles
W s(γ±0 ) and thus W
u
+(σ0) ⊂ W s(γ+0 ) and W u−(σ0) ⊂ W s(γ−0 ).
The unstable manifolds of the saddles, on the other hand, continue parallel to the x
axis into R. As R ∩W s(σ0) is exactly the intersection of R with the line x = 0, the
intersection of the invariant manifolds within R are transverse. As R is a section for
the flow through the singular hyperbolic piece, it follows they intersect transversally
throughout.
Note that the basin of attraction of this class contains a neighborhood of σ0. This
basin is not open: it is bounded by the closure of the stable manifolds of the γ±0 .
The action of the deformation on the return map is shown in Figure 4.
For r > 0: Here we pull the tips of the triangles further, until they enter the neighbour-
hoods N(p±), thus they become part of the domain of attraction of the two sinks. This
situation is depicted in Figure 5. This implies that there exists a small neighbourhood
of the saddle σr so that the ω limit set of any point in it is either σr or one of the sinks
ω±. In particular, there is a neighbourhood of the line x = 0 in R that does not return
to R. Thus the nonwandering set in R breaks down into a Cantor set. The recurrent
set has a geometric type given by the fake horseshoe F (see Figure 5).
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W s(σr)
W s(ω−r )
W s(ω+r )
W u(γ+r )
γ+r
W u(γ−r )γ
−
r
(a) r < 0
W s(σr)
W s(ω−r )
W s(ω+r )
W u(γ+r )
γ+r
W u(γ−r )γ
−
r
(b) r = 0
W s(σr)
W s(ω−r )
W s(ω+r )
W u(γ+r )
γ+r
W u(γ−r )γ
−
r
(c) r > 0
Figure 4. The return map on the cross-section for Xr.
σr
ω+r
γ+r
Figure 5. The new geometric model Xr.
The fact the bases of the two triangles are on the edges of R implies that γ± are the
corner orbits for this fake horseshoe. As we choose the convention that the triangle on
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the back is pointing to the right, W u+(σr) connects to ω
+
r from the back of the figure,
transversally to the two dimensional manifold W u(γ+) which within the neighbourhood
N(p+) can be identified with the y = 0 plane, see Figure 6. Thus to continue it smoothly
we must continue it by a curve on the front side of W u(γ+). On the other hand, W s(γ+)
is a cone connecting γ+ to the source αr. Hence, the union of W
u(γ+) and W s(γ+)
together with σr and ω
+
r is a two sphere as in Figure 6. The sphere bounds a three ball
in which the flow is equivalent to a north to south flow from αr to ω
+
r . c+ is a flowline
of this flow in the ball, and all flowlines are isotopic. Therefore, there is a canonical
way to add a curve c± connecting αr and ω+r so that it is invariant under the flow and
connects smoothly to W u+(σr).
αr
γ+r
ω+r
Figure 6. The sphere enclosing the curve c+, which is therefore unique
up to isotopy.
Said differently, γ+∪ω+, cuts W s(ω+r ) into two connected components. One of these
components is contained in the unstable basin of αr, the other contains one untable
separatrix of σr. Thus c+ is any orbit in the component which is entirely contained in
W u(αr). Similarly, the choice of c− is a curve connecting αr to ω−r in the symmetric
sphere containing W u(αr) ∩W s(ω−r ).
Considering again Figure 5, one finds that σr ∪W u(σr) ∪ ω−r ∪ ω+r ∪ c− ∪ c+ ∪ αr is
a trefoil knot. 
Remark. This construction is not unique because, when r < 0 the Lorenz attractor
depends on two parameters (essentially the itinerary of both unstable separatrices of
σ) whence our family depends on a single parameter. We could turn it into a canonical
construction (up to topological equivalence) by considering a two parameters family.
For such a family, the parameter r = 0 will correspond to the point of intersection of
W u(σ) with both W s(γ+) and W s(γ−).
2.1. Removing the heteroclinic trefoil. In this section we show that for r > 0 we
can remove a solid torus from S3 so that Xr becomes a nonsingular Axiom A flow on
the trefoil complement. Let Kr, r > 0, be the trefoil knot invariant under Xr built in
Theorem 2.1.
Proposition 2.2. For any r > 0, there is a tubular neighborhood Γr of Kr, varying
continuously with r, so that the boundary ∂Γr is a Birkhoff torus Tr: it consist in 2
annuli each of them bounded by the two periodic orbits γ+r and γ
−
r , whose interiors are
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transverse to the vector field Xr. Xr points into Γr along one of these open annuli
and points outwards Γr along the other annulus. Finally, S
3 \ Interior(Γr) contains the
chain recurrent set of Xr except for the four singular points.
Proof. For each of the orbits γ±, its unstable manifold is directed towards the singu-
larity it encircles. its stable manifold is tangent to the edge of the rectangular cross
section nearest to the same singularity.
Define the torus Tr as follows: Let Tr be a boundary of a neighbourhood of the trefoil
heteroclinic knot for Xr, so that γ
±
r ⊂ Tr. Choose Tr so that near the singularity ω+r
on the right in Figure 5 it is wider on the front of γ+r and narrower at the back, so
that it crosses the plane containing the cross section diagonally between the two stable
manifolds, as in Figure 7.
α+
Tr
Figure 7. A cross section of the orbit α+. The torus Tr passes between
the stable and the unstable manifolds of the orbit.
This implies that in a small enough annulus N (γ+r )∩Tr the flow is transverse to Tr,
except of on its core curve γ+r , flowing into the trefoil neighborhood on the back side
of γ+r and out of the trefoil neighborhood on the front side.
Let S be a neighbourhood of the source αr. In Figure 5 the flow is depicted in R3
by putting αr at infinity. The flow is transverse to S pointing away from αr. On the
front side of Figure 5, one may widen the annulus parallel to the trefoil connection
continuing on the front of the figure to infinity. The annulus becomes wider to connect
smoothly to the sphere S. Note that the outwards flow along this annulus matches
the flow through S that also points away from the trefoil (which contains the point at
infinity). Use the symmetry about the z axis to define a similar annulus enclosing the
part of the trefoil connecting γ−r to αr.
Finally, consider a small neighborhood of the saddle σr. An annulus in this neigh-
borhood that encircles the trefoil (parallel to a meridian) will be transverse to the flow,
with the flow pointing into the trefoil as the trefoil is tangent to the unstable direc-
tion about the origin. One may extend this annulus, keeping it close enough to the
trefoil, until it connects to A while the flow is transverse to the extension and pointing
towards the trefoil side of it. Considering again Figure 7, one sees the two annuli can
be smoothly connected along γ+r , and similarly along γ
−
r .
Next, consider the solid torus Γr bounded by Tr, depicted in Figure 8.
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αr ω
−
r
σr ω
+
r αr
γ−r W
s(σr) γ
+
r
Figure 8. The solid torus Γr which is the trefoil neighborhood, cut
along a disk D containing αr.
Γr contains the four singular points. The cone like disks in the figure are the invariant
manifolds of the tangent orbits γ±r . The two dimensional stable manifold of the saddle
is also depicted. Together these manifolds divide Γr into several regions:
(1) The diamond shape regions between the stable and the unstable manifolds of
γ±r . In this region every point arrives from αr at t→ −∞ and limits on ω±r at
t→∞.
(2) The region containing D, in which every orbit originates from αr and exits Γr.
(3) The region to the right the ω−r cone up to W
s(σr), in which every orbit emanates
on Tr and accumulates on ω
−
r at t→∞.
(4) The region to the left the ω+r cone up to W
s(σr), in which every orbit emanates
on Tr and accumulates on ω
+
r at t→∞.
Note that all orbits contained in the two dimensional invariant manifolds, as well
as the connections themselves that are part of the trefoil, are wandering. Thus, every
orbit in Γr accumulates onto one of the singular points, as required. 
Definition 2.1. Let A be a vector field on B3, so that A is transverse to ∂B3 (entering
B3), A is Morse Smale, Ω(A) is composed of 2 sinks and a saddle of s-index 2. The
topological equivalence class of A is well defined.
We can now prove that the model for the fake horseshoe F is defined on S2 × I:
Proof of Corollary 1.2. Consider again the solid torus V , without removing it from S3.
Within V , there are two transverse spheres for Xr, one enclosing a neighbourhood of
αr and one enclosing the three other singularities in V .
The flow in one of the three dimensional balls bounded by these two spheres is
equivalent to the linearisation about the source. The flow in the other three dimensional
ball is equivalent to one given by A. Removing the two 3-balls we arrive at a flow for
which the non-wandering set has a section, with F being its geometric type. Denoting
this flow by ψF , it is defined on S
3 \ (S20 ∪ S21) ∼= S2 × I.
Thus, S2 × I is a filtering neighbourhood for F . The two boundaries are transverse
to the flow and, since they are both spheres, are clearly of minimal genus. Thus ψF on
S2 × I is the canonical model for F . 
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3. The modular surface and its geodesic flow
The modular surface is the surface H2/PSL2(Z). It has two cone points and a single
cusp. A fundamental domain for this surface is given is depicted in Figure 9
p
q
Figure 9. A fundamental domain for the modular surface.
The unit tangent bundle to the modular surface is the space PSL2(R)/PSL2(Z). It
is a Seifert fibered space with two singular fibers corresponding to the two cone points.
As a three manifold this space is homeomorphic to the trefoil complement in S3, where
the trefoil cusp corresponds to the cusp of the modular surface (see Milnor [9]).
On account of the cusp, the geodesic flow on the modular surface ϕmod is not struc-
turally stable, and it is convenient to switch to a related system, replacing the cusp by
a toral boundary. This operation, which we refer to as a compactification is explained
in [5] as a deformation within the representation variety of PSL2(Z) in PSL2(R). First
deform the hyperbolic metric on the surface H2/PSL2(Z), where the metric is deformed
so that it is still of constant curvature -1 but the cusp turns into a funnel, i.e. the sur-
face becomes a hyperbolic surface of infinite area, while keeping the same topology. A
fundamental domain for the modular surface with the funnel is shown in Figure 10.
Note that the element of the fundamental group corresponding to the class of the
horocycles in the original metric, contains a unique closed geodesic h in the new metric.
The length l of this geodesic defines the new surface M l, and the modular surface is
the limit M0 where l→ 0. The compactification ϕlmod of the geodesic flow ϕmod on the
(compact manifold) S3 \trefoil is defined as the geodesic flow on the convex core of M l.
That is, it is the geodesic flow on the surface truncated along the closed geodesic h.
Note that as any geodesic that crosses h into the funnel never crosses it again, and the
same is true in backwards time, the flow ϕlmod contains the same recurrent dynamics as
the geodesic flow on Ml. It follows from their structural stability that the flows ϕlmod
are in the same topological equivalence class for all l > 0.
The boundary torus T of S3 \trefoil is the unit tangent bundle to the closed geodesic
h = ∂M l. Since h is also a closed geodesic, there are two tangent orbits to T , h0 and
h1, corresponding to traveling along h in both directions. Since S
3 corresponds to the
Euler number zero filling of the unit tangent bundle T 1M l, see [11], the two tangent
orbits are both meridians of the trefoil in S3. These two meridians divide T into two
annuli. One of the annuli corresponds to points on the closed geodesic h and tangent
direction pointing out of the surface, and the other to points on h and tangent direction
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pointing into the surface. The flow therefore is transverse to the torus T off the two
tangent orbits, i.e. T is a Birkhoff torus, and flows inwards through one annulus and
outwards through the other.
Next consider the recurrent set for the flow. The fundamental group for M l is
isomorphic to PSL2(Z) and is generated by a rotation of order three around the point
p which we depict as the center of the Poincare´ disk, and a rotation of order two around
a point q. Let l0 be the hyperbolic geodesic perpendicular to [p, q] at q. Consider a
fundamental domain D for M l as given in Figure 10 and its three fold cover D3 obtained
by the order 3 rotation about p. The geodesic segment l0 and its two images l1 and
l2, bound D3 together with the three preimages of h intersecting the ends of these
geodesics. The flow Ml is just the restriction of the geodesic flow on the unit tangent
bundle to H2 to the unit tangent bundle of D, with the identifications induced by the
action of the fundamental group pi1(M l).
p
q
x0
x1
y0
y1
z0
z1
l0

Figure 10. A fundamental domain D (shaded) for the opened-up mod-
ular surface and a three fold cover D3 of D
We now proceed to the proof of Theorem 1.1. Some of the results needed in the
proof are well known to experts, however we include them here for completeness. We
obtain the proof by proving two lemmas.
Lemma 3.1 (Classical). The geodesic flow onMl is Axiom A with a basic set the fake
horseshoe.
Proof. We begin by constructing a cross section as in [5]. The geodesic orbits starting
at points in the region in H2 enclosed by ∂H2 and a lift of the closed geodesic h can only
enter the convex core by intersecting h. All other orbits there will continue to infinity.
It follows that any non-wandering point for the flow has an orbit entirely contained in
the convex core.
Therefore, an orbit for a non-wandering point will have a lift crossing the region
D3, entering D3 through one of the preimages of l0 and exiting through another such
boundary. The order 3 rotation about p interchanges these three boundary components,
and thus we may assume the orbit enters through l0 and exists through one of the other
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lifts of l. At the point where it exits T 1(D3), we may use the rotation about p again
to make it exit through l0, and then use the rotation about q to obtain an equivalent
point that enters D3 again through l0. Thus, the rectangle R consisting of all the points
on l0 between its intersections with the lifts of h, together with a direction with angle
0 ≤ θ ≤ pi from the tangent to l0 pointing into the domain D3 is a cross section for the
flow on the non-wandering set. For a point on l0, we call an angle satisfying 0 ≤ θ ≤ pi
positive.
Next, it is a classical fact from hyperbolic geometry, that points on a set of horo-
cycles sharing a point at infinity, with tangent directions directed towards that point
(respectively, away from that point) are invariant under the geodesic flow, and are ex-
ponentially and uniformly contracted (expanded resp.). Thus, the stable and unstable
foliations are given by the horocycles [7]. For example, if one takes all points on the
horocycle hc = {x + Ci} for ∞ in the upper half plane model for H, with tangent
vectors pointing up to ∞, the geodesic flow is a multiplication by et which takes hc to
hetC , preserves the upwards direction, and reduces the distances by a factor t.
We next find these invariant foliations explicitly within the rectangle R, to demon-
strate that its geometric type is indeed the fake horseshoe. Orient l0 from right to left
in Figure 10, and the orient the angles in R counterclockwise from the tangent direc-
tion. For any point x on l0, there are angles θ
s
0(x) < θ
u
0 (x) so that (x, θ
s
0(x)) belongs
to the stable manifold of h0 and (x, θ
u
0 (x)) belongs to the unstable manifold of h0, see
Figure 11. Similarly, for any x ∈ l0 there are angles θs1(x) > θu1 (x) for h1 determined
by the invariant manifolds of h1 (the geodesic h1 is on the other endpoint of l0, and
traverses l0 in the same orientation. Hence the change of sign).
x
θs0 θu0h0
Figure 11. The stable and unstable manifold of each of the corner
orbits intersect the fiber above each point on l0.
Consider a point z = (x, α) in R with α < θs0(x). As seen from Figure 11, the orbit
of z then crosses the geodesic h0 and remains within the region bounded by it for all
forward time. Thus z is a wandering point. Similarly, z = (x, α) for any α satisfying
α > θu0 (x), α < θ
u
1 (x) or α > θ
s
1(x) is wandering.
Therefore we define R′ to be the sub-rectangle of R R′ = {(x, α) | θs0(x) ≤ α ≤
θs1(x), θ
u
1 (x) ≤ α ≤ θu0 (x)}. Define the endpoints of h0 and h1 to be ai = limt→−∞(φt(z) )
for z ∈ hi, and bi = limt→+∞(φt(z) ) for z ∈ hi. As the horocycles are invariant, it fol-
lows that the one dimensional foliations of R′: Ws(z) = {(x, α) | limt→∞ φt(x, α) = z
for z between b0 and a1 on the sphere at infinity in the positive direction from l0,
and Wu(z) = {(x, α) | limt→−∞ φt(x, α) = z for z between b0 and a1 in the negative
direction, are invariant.
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Given that the foliations are invariant, we can now compute the first return map.
Consider a single leaf of the unstable foliation Wu(z0) and its orbits under the flow as
depicted in Figure12. The projections to H2 of forward orbits of the leaf will intersect
(at different times) the geodesics l1 and l2, and it is easy to see that any point on
(l2 ∪ l3) ∩ D3 will be contained in exactly one such projection. The set of all points
obtained in this way above l1: C1 = {(x, α)|x ∈ l1} is equivalent to a subset A(C1)
of R′, where A ∈ PSL2(Z) is the element taking l1 to l0 preserving the orientation.
It is easy to see that A(C1) = Wu(A(z0)) as all pointers in C1 and therefore in A(C1)
converge to the same point at infinity when t → −∞. In the same way, the set C2 of
all points in the orbits of this leaf above l2 is a subset of R
′, that is equal toWu(B(z0))
for some B ∈ PSL2(Z). It is also easy to see no point on an orbit starting at the leaf
is equivalent to a point in R′ before the orbit reaches the sets C1 and C2.
l0
l1
l2
z0
Figure 12. The orbits of the flow of a single unstable leaf Wu(z0).
Thus, the first return map for any single unstable leaf is composed of two unstable
leaves, and the first return map preserves the orientation the leaves. Next consider a
single stable leaf Ws(w0), the set of all pointers above l0 converging to w0 at infinity.
The point at infinity w0 is in the positive direction of l0, and is in the positive direction
of either l1 or l2. Thus, the first return map of the leaf will consist of a subset of all
pointers on li pointing towards w0, which is equivalent to a subset of l0 pointed towards
a point C(w0) for some C ∈ PSL2(Z).
This suffices to show that the first return map is of the geometric type of the fake
horseshoe F , as claimed. 
Lemma 3.2. One may complete the flow ϕlmod to flow on S
3 containing two singular
points: a sink and a source.
Proof. We next glue a solid torus W with a flow Y to the trefoil complement, so that
the the resulting manifold is S3, Y agrees with ϕlmod on T = ∂W and thus we can
define a flow that is smooth on S3 and agrees with each of the two flows.
The flow on W is given as in Figure 13. It contains a source which we denote by∞,
and a sink which we denote by 0, together with their neighbourhoods, and a tube of
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flow line connecting the source to the sink on either side, so that along each tube we
have a tangent orbit. It is clear the only recurrent points in W are 0 and ∞, and thus
the flow is structurally stable.
∞ ∞
γ− γ+
Figure 13. The solid torus W which is glued to the boundary of the
trefoil complement to obtain a flow on S3.
As computed in [5], the slope of the closed geodesic h, i.e. the slope of the orbits
tangent to the boundary for ϕlmod is the slope of a meridian for S
3. Thus, the resulting
manifold is S3.
We can decompose S3 into two three balls and an S2 × I piece which is the model
ψF for the fake horseshoe as in Section 2. It follows that ϕ
l
mod can be completed to S
3
as claimed. 
This completes the proof of Theorem 1.1. We can now easily prove Theorem 1.3:
Proof. The claim for r < 0 is included in Theorem 2.1.
For proving the claim for r > 0, we complete the flow ϕlmod to a flow on S
3 As the
flow on W and the flow on the solid torus V as in the proof of Proposition 2.2 have the
same boundary behaviour and they share the fundamental property that when gluing
them to another flow one does not create new recurrent orbits, we may glue the torus
V to S3 \ trefoil instead of W in the proof of Lemma 3.2, to obtain a flow ψ0 on S3.
The flows Xr and ψ0 are clearly equivalent on S
2 × I and on each of the two three
dimensional balls. The nonwandering set for each of the flows is contained either in
S2 × I or in one of the balls. This completes the proof. 
We now can complete the proof of Theorem 1.3, showing the relation of our geometric
model to the modular flow:
Corollary 3.3. Xr for r > 0 can be defined on the torus complement, and is topologi-
cally equivalent to the geodesic flow on the modular surface therein.
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